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Abstract
In this paper, we prove that the maximum number of geometric permutations (induced by line transversals) of a
set of n pairwise disjoint spheres with a bounded radius ratio in Rd for d  3 is at most 2
√
2M+1
, where M is the
ratio of the largest radius and the smallest radius of the spheres. Setting M to 1, this gives an upper bound of 4 on
the maximum number of geometric permutations for congruent spheres in Rd , matching a recently independently
discovered result [Y. Zhou, S. Suri, in: Proc. of 12th Annual ACM-SIAM Symp. on Discrete Algorithms, 2001,
pp. 234–243] on this case. Our result settles a conjecture in combinatorial geometry.
 2004 Elsevier B.V. All rights reserved.
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1. Introduction
Given a set A of objects in the d-dimensional Euclidean space Rd , a line l is said to be a line
transversal of A if l intersects every object o ∈ A. For a set A of pairwise disjoint convex objects, a
line transversal l defines two linear orders along l (from both directions) in which l meets the members
of A. Since the two orders are essentially the same, with one being the reverse of the other, we count them
✩ A preliminary version of this work appeared in the Proc. of the 12th Annual SIAM-ACM Symposium on Discrete
Algorithms (SODA), 2001.
* Corresponding author.
E-mail addresses: yhuang3@cse.nd.edu (Y. Huang), jinhui@cse.buffalo.edu (J. Xu), chen@cse.nd.edu (D.Z. Chen).
1 The research of the first and third authors was supported in part by the National Science Foundation under Grants CCR-
9623585 and CCR-9988468.
2 The research of this author was supported in part by a faculty start-up fund from the CSE Dept., SUNY at Buffalo, and by
an IBM faculty partnership award.
0925-7721/$ – see front matter  2004 Elsevier B.V. All rights reserved.
doi:10.1016/j.comgeo.2004.03.011
48 Y. Huang et al. / Computational Geometry 29 (2004) 47–60Fig. 1. Line transversals induce geometric permutations.
as one geometric permutation of the members of A. For example, in Fig. 1, the two lines l1 and l2 induce
two different geometric permutations. The geometric permutation problem studies the maximum number
of different geometric permutations of a set of pairwise disjoint convex objects in Rd (i.e., the number
of line transversals that induce different linear orders). This is a fundamental problem in combinatorial
geometry and finds applications in computing visibility information in computer games and architectural
walk-throughs [12]. Recently, this problem has drawn considerable attention, and quite a few important
results have been presented [1,4,8,9,11,12].
For n pairwise disjoint convex objects of arbitrary shapes in Rd , let gd(n) denote the maximum
number of geometric permutations over all such convex object sets. It is known that g2(n) = 2n−2 [3,7],
gd(n) = (nd−1) [6], and gd(n) = O(n2d−2) [10]. Note that when d  3, there is a large gap between the
known upper and lower bounds. It has been conjectured that gd(n) = O(nd−1).
For pairwise disjoint spheres in Rd , better results have been obtained. For a set A of n congruent
spheres, Smorodinsky, Mitchell and Sharir [9] proved that A in R2 admits only 2 different geometric
permutations if n is sufficiently large (this fact was also independently discovered by Katchalski and
Asinowski [2]); they conjectured that the maximum number of geometric permutations for A in Rd is
O(1) for d  3. In [12], Zhou and Suri proposed a proof for this conjecture, showing that the maximum
number of such geometric permutations is no more than 16. Recently, they [13] improved this upper
bound to 4. In a preliminary version [5] of this paper, we independently obtained the same result.
For n pairwise disjoint non-congruent spheres in Rd , Smorodinsky, Mitchell and Sharir [9] proved
that the maximum number of geometric permutations is (nd−1). (Recently, Katz and Varadarajan
generalized this result to the case of a set of convex fat objects [8].) Zhou and Suri [12] considered
the case in which the scale factor of the spheres is bounded by a constant, and showed that in R2 the
number of geometric permutations is only 2 when n is large enough. They also conjectured that similar
results hold for higher dimensions [13].
There are other results on the geometric permutation problem, such as proofs of tight bounds for
pairwise disjoint axis-parallel rectangular boxes in Rd [13], and algorithmic results on line transversals
of balls in R3 [1].
In this paper, we focus on geometric permutations of pairwise disjoint spheres in higher dimensions.
For a sufficiently large set A of n spheres in Rd (d  3) with a bounded radius ratio M (i.e., the
ratio of the largest and smallest radii in A is a constant M), we prove that the maximum number of
geometric permutations is no more than a constant 2
√
2M+1
. It is interesting to notice that this constant is
independent of not only the number of spheres (as long as n is sufficiently large), but also the dimension d .
Our result improves significantly the best known upper bound (nd−1) [9] for general non-congruent
spheres in Rd . Furthermore, by setting M to 1, our result implies that the maximum number of geometric
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permutations of n congruent spheres in Rd , d  3, is at most 4, matching an independently discovered
upper bound for this case by Zhou and Suri [13].2. Preliminaries
Let A be a set of n pairwise disjoint spheres with a bounded radius ratio M in Rd , d  3, where n is
a sufficiently large number depending on d and M . Assume without loss of generality that the smallest
sphere in A has a unit radius and the largest sphere has a radius M .
The following mathematical facts are useful for bounding the geometric permutations of A. Since the
first three facts are simple, we omit their proofs.
Lemma 1. Let v = (v1, v2, . . . , vd) be any point and l = {(t, at + b, c3, . . . , cd) | t ∈ R} be a line in Rd .
Then, the (minimum) distance D(v, l) between v and l is
√
(av1+b−v2)2
1+a2 +
∑d
i=3(ci − vi)2 achieved at the
point pl on l with t = v1+av2−ab1+a2 .
Lemma 2. Let B and B ′ be any two disjoint spheres intersecting a line l = {(t, at +b, c3, . . . , cd) | t ∈ R},
and o = (y − x, x2, . . . , xd) and o′ = (y + x, x′2, . . . , x′d) be the centers of B and B ′, respectively. Then l
meets B ′ before B if and only if a(x2 −x′2) > 2x. (We assume that l is oriented in the increasing direction
of t .)
Lemma 3. Let c1, c2, . . . , cm be m real numbers. Then |∑mi=1 ci | |c1| −∑mi=2 |ci|.
Lemma 4. Let α and β be two real numbers such that α + β > 0, and c1, c2, and c3 be three arbitrary
real numbers. Then α(c1 − c2)2 + β(c1 − c3)2  αβα+β (c2 − c3)2.
Proof. The left-hand side of the inequality can be modified as follows.
α(c1 − c2)2 + β(c1 − c3)2
= α(c21 − 2c1c2 + c22)+ β(c21 − 2c1c3 + c23)
= (α + β)c21 − 2c1(αc2 + βc3)+ αc22 + βc23
= (α + β)
(
c21 − 2c1
αc2 + βc3
α + β +
(
αc2 + βc3
α + β
)2)
+ αc22 + βc23 −
(αc2 + βc3)2
α + β
= (α + β)
(
c1 − αc2 + βc3
α + β
)2
+ 1
α + β
(
(α + β)αc22 + (α + β)βc23 − (α2c22 + 2αβc2c3 + β2c23)
)
= (α + β)
(
c1 − αc2 + βc3
α + β
)2
+ 1
α + β (αβc
2
2 + αβc23 − 2αβc2c3)
= (α + β)
(
c1 − αc2 + βc3
α + β
)2
+ αβ
α + β (c2 − c3)
2.
Discarding the non-negative term (α +β)(c1 − αc2+βc3α+β )2, we obtain the right-hand side of the inequality.
Thus the lemma follows. 
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3. Geometric permutations of non-congruent spheres
To bound the maximum number of geometric permutations of A (defined in Section 1), we first extend
the concept of switched pair in [12] to the case of non-congruent spheres, and then illustrate our main
ideas, followed by the detailed proof.
3.1. Switched pairs
Two different spheres B1 and B2 in A are said to form a switched pair if there exist two different
line transversals l1 and l2 of A such that the two corresponding geometric permutations start at the same
sphere B ∈ A \ {B1,B2} and go through B1 and B2 in different relative orders (i.e., their positions with
respect to each other) in the two geometric permutations. Fig. 2 gives an example of a switched pair.
The following lemmas show some nice properties of switched pairs.
Lemma 5. Let A be a sufficiently large set of n spheres defined as above. Then the angle between any
two line transversals of A is small (i.e., O(1/n)).
Proof. Let o1 and o2 be the centers of the first and last spheres of A in the geometric permutation
induced by some line transversal l. Let l′ be any line transversal of A (note that l′ could be l), and D
be the distance between o1 and o2. Clearly, A is contained in a d-dimensional cylindrical segment C
with radius 2M , height D + 2M , and axis o1o2 (see Fig. 3). Let Vd denote the volume of a unit sphere
in Rd . Then, the volume of this cylindrical segment C is Vd−1(2M)d−1(2M + D) and the volume of
the union of the spheres in A is no less than nVd . Thus, we have nVd  Vd−1(2M)d−1(2M + D) which
implies D = (n). Let C ′ be the cylindrical segment obtained by shrinking C from both ends so that
the first and last spheres are excluded. Clearly, C ′ has a length of at least D − 2M , and l′ intersects
Fig. 2. Spheres B1 and B2 form a switched pair.
Fig. 3. Illustrating the proof of Lemma 5.
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the two ends of C ′. Let θ denote the angle between l′ and the line segment o1o2. It is easy to see that
sin θ  2M/(D/2 − M) and thus sin θ = O(1/n). Therefore, θ = O(1/n). This implies that the angle
between any two line transversals is O(1/n), since it is no more than twice the maximum of θ . 
Lemma 6. Let A be a set of n spheres defined as above, and (P,Q) be a switched pair of A with centers
op and oq , radii Rp and Rq , respectively. Then any line transversal l is almost perpendicular to the line
segment opoq . Moreover, P and Q almost touch each other (i.e., the length of the segment opoq is no
more than Rp + Rq + O(1/n)).
Proof. Without loss of generality, we choose a coordinate system such that op = (−x,p2, . . . , pd)
and oq = (x, q2, . . . , qd), x > 0, are the centers of the switched pair (P,Q) (see Fig. 4). Let l =
{(t,0, . . . ,0) | t ∈ R} and l′ = {(t, at + b, c3, . . . , cd) | t ∈ R} be the two line transversals of the
switched pair (P,Q) with l visiting (P,Q) in the order of P,Q and l′ in the reverse order. Let β
be the angle between l and l′. We then have sinβ = |a|/√1 + a2 = O(1/n) (the second equation
follows from Lemma 5). Thus |a| = O(1/n). By Lemma 1, the minimum distance from op to l′
is achieved when t = tp = (−x + ap2 − ab)/(1 + a2) and the minimum distance from oq to l′ is
achieved when t = tq = (x + aq2 − ab)/(1 + a2). Since l′ meets Q before P , we have tq < tp . Hence,
x < |a(p2 − q2)|/2 = O(1/n). The line segment opoq has a direction (2x, q2 − p2, . . . , qd − pd) and l
has a direction (1,0, . . . ,0). The inner product of the two vectors (corresponding to opoq and l) is 2x
which is O(1/n). This means that the line segment opoq is almost perpendicular to l.
To show that P and Q almost touch each other, we consider the triangle ∆oopoq , where o is the origin
of the coordinate system. By the triangle inequality, we have
|opoq | |oop| + |ooq | =
√√√√x2 + d∑
i=2
p2i +
√√√√x2 + d∑
i=2
q2i

√
x2 +R2p +
√
x2 + R2q  x +Rp + x +Rq  Rp + Rq + O(1/n).
The second inequality follows from the fact that l intersects both P and Q and from Lemma 1 (i.e.,
D(op, l) =
√∑d
i=2 p
2
i Rp and D(oq, l) =
√∑d
i=2 q
2
i  Rq). 
Lemma 7. Let (P,Q) be defined as in Lemma 6, and l′ be an arbitrary line transversal. Then the line
transversal l′ is close (i.e., within a distance of O(1/n2)) to the gravity center opq = Rqop+RpoqRp+Rq of (P,Q).
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Proof. Assume that the coordinate system is chosen as in the proof of Lemma 6. By Lemma 1, the square
of the distance (denoted by ∆) between opq and l′ is
(Rp−Rq)x Rqp2+Rpq2 2 ( )
∆ =
(a
Rp+Rq + b − Rp+Rq )
1 + a2 +
d∑
i=3
ci − Rqpi + Rpqi
Rp +Rq
2
.
Using the fact that |a| = O(1/n) (shown in the proof of Lemma 6), ∆ is of the order of(
b − Rpq2 + Rqp2
Rp + Rq
)2
+
d∑
i=3
(
ci − Rqpi + Rpqi
Rp +Rq
)2
, (1)
which is equal to
Rp
Rp + Rq (b − q2)
2 + Rq
Rp + Rq (b − p2)
2 − RpRq
(Rp +Rq)2 (p2 − q2)
2
+ Rp
Rp +Rq
d∑
i=3
(ci − qi)2 + Rq
Rp + Rq
d∑
i=3
(ci − pi)2 − RpRq
(Rp + Rq)2
d∑
i=3
(pi − qi)2. (2)
By the fact that l′ intersects P and Q and Lemma 1, we have
Rp
Rp + Rq
d∑
i=3
(ci − qi)2  Rp
Rp + Rq
(
R2q − (b − q2)2
)
,
Rq
Rp + Rq
d∑
i=3
(ci − pi)2  Rq
Rp + Rq
(
R2p − (b − p2)2
)
.
By the fact that P and Q are disjoint, we have
− RpRq
(Rp +Rq)2
d∑
i=3
(pi − qi)2 − RpRq
(Rp +Rq)2
(
(Rp +Rq)2 − 4x2 − (p2 − q2)2
)
. (3)
Summing the above three inequalities up, (2) is less or equal to
4RpRqx2
(Rp +Rq)2  x
2. (4)
The lemma then follows from the fact that x = O(1/n) (shown in the proof of Lemma 6). 
Lemma 8. Any sphere B of A can appear in at most one switched pair.
Proof. Suppose that a sphere B of A is involved in two different switched pairs (B,B1) and (B,B2) of A.
Denote the centers of B , B1 and B2 by oB , oB1 and oB2 , and the radii by RB , RB1 and RB2 , respectively. Let
p1 = RB1oB+RBoB1RB+RB1 and p2 =
RB2oB+RBoB2
RB+RB2 be the two gravity centers of (B,B1) and (B,B2), respectively.
We first show that the distance |p1p2| between p1 and p2 is lower-bounded by a constant.
Let θ be the angle between oBoB1 and oBoB2 . Then
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cos θ = |oBoB1 |
2 + |oBoB2 |2 − |oB1oB2 |2
2|oBoB1 | × |oBoB2 |
(RB + RB1 + O(1/n))2 + (RB +RB2 + O(1/n))2 − (RB1 +RB2)2
2(RB + RB1)(RB + RB2)
= (RB + RB1)
2 + (RB + RB2)2 + O(1/n)− (RB1 + RB2)2
2(RB +RB1)(RB +RB2)
= 1 − 2 × RB1
RB + RB1
× RB2
RB +RB2
+ O
(
1
n
)
 1 − 2
(
1
M + 1
)2
+ O
(
1
n
)
.
The first inequality follows from Lemma 6 and the fact that B , B1 and B2 are all disjoint. Thus,
|p1p2|2  2R2B(1 − cos θ) 2R2B ×
(
2
(
1
M + 1
)2
− O
(
1
n
))
 4
(M + 1)2 − O
(
1
n
)
.
This means that p1 and p2 are not close to each other.
Next, we show that B cannot be in two different switched pairs. Let l be a line transversal of A. By
Lemma 6, l is almost perpendicular to oBoB1 and to oBoB2 . Thus l is almost perpendicular to the plane
defined by the three points oB , oB1 and oB2 . On the other hand, by Lemma 7, l is very close to both p1
and p2. But by the above argument, we know that p1 and p2 are not close to each other. Therefore, l is
also almost parallel to the line determined by the two points p1 and p2, and thus is almost parallel to the
same plane (determined by oB , oB1 and oB2 ). This is a contradiction. 
Lemma 9. The two spheres of each switched pair appear consecutively in any line transversal.
Proof. Suppose that B1 and B2 form a switched pair, and B /∈ {B1,B2} is between B1 and B2 along
some line transversal l. Without loss of generality, assume that l meets B1 before B2. By the definition
of switched pair, there exists another line transversal l′ which meets B2 before B1. Depending on the
position of B on l′, there are threes cases to consider: (a) l′ meets B before B2; (b) l′ meets B after B2
but before B1; (c) l′ meets B after B1. For (a) and (b), since B and B1 form a switched pair, B1 is in two
different switched pairs, thus contradicting Lemma 8. For (c), since B and B2 form a switched pair, B2 is
in two switched pairs, again a contradiction. 
Lemma 10. For any two switched pairs (P,Q) and (R,S) in A, there exist two line transversals l and
l′ such that l meets the four involved spheres in the order of P , Q, R and S, while l′ meets them in the
order of Q, P , S and R.
Proof. It follows from the definition of switched pair, Lemmas 8 and 9. 
3.2. Main ideas
Our main idea for proving the upper bound of the geometric permutations is to first estimate the largest
“distance” L (as defined below) between any two switched pairs along some line transversal. Then we
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use the fact that all spheres are disjoint to derive a lower bound L′ for the distance between two switched
pairs. The upper bound for L and the lower bound for L′ together enable us to upper bound the maximum
number of switched pairs k = L/L′+1, as well as the maximum number of geometric permutations 2k .
The main tasks thus are to determine L and L′. Consider two switched pairs (P,Q) and (R,S)
of A and two line transversals l and l′ of A that meet both of these two switched pairs in different
orders (the existence of such line transversals is guaranteed by Lemma 10). Let the centers of P , Q,
R and S be op , oq , or and os , and their radii be Rp , Rq , Rr and Rs , respectively. By transforming
the coordinate system, we can assume l = {(t,0, . . . ,0) | t ∈ R} (i.e., l is the first coordinate axis), l′ =
{(t, at+b, c3, . . . , cd) | t ∈ R}, and op = (−x,p2, . . . , pd), oq = (x, q2, . . . , qd), or = (L−x′, r2, . . . , rd),
os = (L+ x′, s2, . . . , sd), where x > 0 and x′ > 0. We use the difference L of the first coordinates of the
two gravity centers opq and ors to measure the distance of two switched pairs (see Fig. 5).
Below we show how to upper-bound and lower-bound L.
3.3. Distance between two switched pairs
To upper-bound L, we first observe that both l and l′ can be embedded in planes parallel to the X1X2-
plane (i.e., the plane determined by the first two coordinates). Thus, the angle θ between them is mainly
determined by the coefficients (i.e., a and b) associated with the first two coordinates. From Lemma 5,
we know that θ has to be very small, indicating that the “distance” L between the switched pairs (P,Q)
and (R,S) along l (note that l has the same direction as the X1 axis) can be related to the distance along
l′ through a, b, and the first two coordinates of the gravity centers opq and ors . Below we will focus on
investigating the relationships among these parameters.
The following lemma shows that the second coordinate of each of the two gravity centers opq and
ors (i.e., Rqp2+Rpq2Rp+Rq and
Rsr2+Rr s2
Rr+Rs ) is upper-bounded (up to a constant factor) by the difference of the first
coordinates of the two sphere centers.
Lemma 11. |Rqp2 + Rpq2| 2x
√
RpRq , and |Rsr2 +Rrs2| 2x′√RrRs .
Proof. Since l intersects P and Q, by Lemma 1 we have
d∑
i=2
p2i  R2p, (5)
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d∑
i=2
q2i  R2q. (6)By the fact that P and Q are disjoint, we have the following inequality:
4x2 +
d∑
i=2
(pi − qi)2  (Rp + Rq)2. (7)
Expanding the left-hand side of (7), and plugging (5) and (6) into it, we obtain
2
d∑
i=2
piqi  4x2 +
d∑
i=2
(p2i + q2i ) − (Rp + Rq)2
 4x2 +R2p +R2q − (Rp +Rq)2
= 4x2 − 2RpRq.
Therefore,
d∑
i=2
(Rqpi + Rpqi)2 = R2q
d∑
i=2
p2i + R2p
d∑
i=2
q2i + 2RpRq
d∑
i=2
piqi
 R2qR2p +R2pR2q + RpRq(4x2 − 2RpRq)
= 4RpRqx2.
Thus,
|Rqp2 +Rpq2| 2x
√
RpRq. (8)
Similarly, we have
|Rsr2 +Rrs2| 2x′
√
RrRs.  (9)
Lemma 12. x < |a|2 (Rp +Rq), and x′ < |a|2 (Rr + Rs).
Proof. Since l′ meets Q before P , by Lemma 2, we have a(p2 − q2) > 2x. By the fact that P and Q are
disjoint, we have |p2 − q2| (Rp + Rq). Thus x < |a|2 (Rp +Rq) (notice that x > 0).
Similarly, we have x′ < |a|2 (Rr + Rs). 
The following lemma shows an important inequality among the first two coordinates of the switched
pair (R,S).
Lemma 13. |(Rr +Rs)aL+b(Rr +Rs)+ax′(Rr −Rs)−(Rsr2 +Rrs2)|√RrRs ×(|a|(Rr +Rs)−2x′).
Proof. From the fact that l′ intersects R and S and Lemma 1, we obtain the following two inequalities:
(aL− ax′ + b − r2)2
1 + a2 +
d∑
i=3
(ci − ri)2  R2r , (10)
(aL+ ax′ + b − s2)2
1 + a2 +
d∑
i=3
(ci − si)2  R2s . (11)
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From (10) × Rs + (11) × Rr , we have
1 (
R (aL − ax′ + b − r )2 +R (aL + ax′ + b − s )2)+ d∑(R (c − r )2 +R (c − s )2)
1 + a2 s 2 r 2
i=3
s i i r i i
RrRs(Rr + Rs). (12)
Applying Lemma 4 to the second term on the left-hand side of the above inequality, we obtain
1
1 + a2
(
Rs(aL − ax′ + b − r2)2 +Rr(aL + ax′ + b − s2)2
)+ d∑
i=3
RrRs
Rr +Rs (ri − si)
2
RrRs(Rr + Rs). (13)
Since R and S are disjoint, the following inequality holds:
4(x′)2 +
d∑
i=2
(ri − si)2  (Rr +Rs)2. (14)
The right-hand side of (12) can be written as
RrRs(Rr + Rs) = RrRs
Rr + Rs (Rr +Rs)
2. (15)
Plugging (14) into (15), we have
RrRs(Rr + Rs) RrRs
Rr +Rs
(
4(x′)2 +
d∑
i=2
(ri − si)2
)
. (16)
Plugging (16) into (13), we have
1
1 + a2
(
Rs(aL − ax′ + b − r2)2 +Rr(aL + ax′ + b − s2)2
)
 RrRs
Rr + Rs
(
4(x′)2 + (r2 − s2)2
)
. (17)
The left-hand side of (17) can be replaced by the following:
1
1 + a2
(
Rs
(
a2L2 + 2aL(−ax′ + b − r2) + (−ax′ + b − r2)2
)
+ Rr
(
a2L2 + 2aL(ax′ + b − s2) + (ax′ + b − s2)2
))
= 1
1 + a2
(
(Rr + Rs)a2L2 + 2aL
(
Rs(−ax′ + b − r2)+ Rr(ax′ + b − s2)
)
+ Rs(−ax′ + b − r2)2 +Rr(ax′ + b − s2)2
)
.
Reorganizing (17), we obtain(
(Rr + Rs)2a2L2 + 2aL(Rr + Rs)
(
Rs(−ax′ + b − r2)+ Rr(ax′ + b − s2)
)
+ Rs(Rr + Rs)(−ax′ + b − r2)2 + Rr(Rr +Rs)(ax′ + b − s2)2
)
RrRs(1 + a2)
(
4(x′)2 + (r2 − s2)2
)
,
which can be simplified to be
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(
(Rr + Rs)aL + Rs(−ax′ + b − r2) +Rr(ax′ + b − s2)
)2
+ RrRs
(
(−ax′ + b − r2)− (ax′ + b − s2)
)2( )
RrRs(1 + a2) 4(x′)2 + (r2 − s2)2 .
Moving the second term to the right-hand side, the above inequality can be further modified to be(
(Rr + Rs)aL + b(Rr + Rs)+ ax′(Rr −Rs)− (Rsr2 +Rrs2)
)2
RrRs
(
(1 + a2)(4(x′)2 + (r2 − s2)2)− (r2 − s2 + 2ax′)2)
= RrRs
(
4(x′)2 + a2(r2 − s2)2 − 4ax′(r2 − s2)
)
= RrRs
(
a(r2 − s2)− 2x′
)2
.
Applying Lemma 12 to the right-hand side of the above inequality, we have∣∣(Rr + Rs)aL + b(Rr +Rs)+ ax′(Rr −Rs) − (Rsr2 + Rrs2)∣∣

√
RrRs ×
(|a|(Rr + Rs) − 2x′).  (18)
Corollary 1. |(Rp + Rq)b + ax(Rp − Rq) − (Rqp2 +Rpq2)|
√
RpRq × (|a|(Rp +Rq) − 2x).
Proof. Setting L = 0 and replacing R by P and S by Q in the proof of Lemma 13, we obtain this
corollary. 
The following lemma shows the relation between b and a.
Lemma 14. |b|M × |a| + 12 (M − 1) × a2.
Proof. By Corollary 1, we have∣∣(Rp + Rq)b + ax(Rp − Rq)− (Rqp2 +Rpq2)∣∣√RpRq × (|a|(Rp + Rq)− 2x),
which can be further modified to the following by Lemma 3
(Rp +Rq)|b|
√
RpRq ×
(
a(Rp + Rq) − 2x
)+ ∣∣ax(Rp − Rq)∣∣+ |Rqp2 +Rpq2|. (19)
By Lemmas 11, 12 and the facts that 1 Rp M and 1 Rq M , we can modify (19) to obtain
(Rp +Rq)|b|
√
RpRq × |a|(Rp + Rq)+ a
2
2
|Rp − Rq |(Rp + Rq),
which can be further modified to be
|b|√RpRq × |a| + 12a2|Rp −Rq |M|a| + 12(M − 1)a2. 
In the proof of the above lemma, we only used the switched pair (P,Q). This implies that in order
for a line transversal to switch order at (P,Q), |b| must be close (up to a factor of M) to |a|. The next
lemma shows that in order to switch order at (R,S), L must be upper-bounded by a constant.
Lemma 15. L 2M + (M − 1) × |a|.
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Proof. By Lemma 13, we have∣∣(Rr + Rs)aL + b(Rr +Rs)+ ax′(Rr −Rs) − (Rsr2 + Rrs2)∣∣

√
RrRs ×
(|a|(Rr + Rs) − 2x′). (20)
Applying Lemma 3 to (20), we have∣∣(Rr + Rs)aL∣∣ |b|(Rr +Rs) + ∣∣ax′(Rr − Rs)∣∣+ |Rsr2 +Rrs2|
+√RrRs × (|a|(Rr +Rs) − 2x′). (21)
Using Lemmas 11 and 12, (21) can be changed to
∣∣(Rr + Rs)aL∣∣ |b|(Rr +Rs) + a22 (Rr +Rs)
∣∣(Rr − Rs)∣∣+√RrRs × |a|(Rr + Rs),
which implies
|aL| |b| + a
2
2
|Rr − Rs| +
√
RrRs × |a|.
Applying Lemma 14 to the above inequality, we have
|aL|M|a| + a
2
2
× (M − 1) + a
2
2
× (M − 1) +M|a| = 2M|a| + (M − 1)a2.
Thus,
L 2M + (M − 1)|a|. 
The following lemma gives the lower bound (i.e., L′) for L.
Lemma 16. For two different switched pairs (P,Q) and (R,S), their distance L is at least √2 − ε(n),
where ε(n) goes to 0 as n approaches +∞.
Proof. Since P , Q, R, and S are all disjoint, we have the following inequalities:
(L− x′ + x)2 +
d∑
i=2
(ri − pi)2  (Rp + Rr)2, (22)
(L+ x′ + x)2 +
d∑
i=2
(si − pi)2  (Rp + Rs)2, (23)
(L− x′ − x)2 +
d∑
i=2
(ri − qi)2  (Rq +Rr)2, (24)
(L+ x′ − x)2 +
d∑
i=2
(si − qi)2  (Rq +Rs)2. (25)
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By (22) × RqRs + (23) × RqRr + (24) × RpRs + (25) × RpRr , and using the facts that l intersects
the four spheres and x, x′ = O(1/n), we have
d(Rp +Rq)(Rr + Rs)L2  8RpRqRrRs + 2
∑
i=2
(Rqpi + Rpqi)(Rsri +Rrsi)− ε1(n), (26)
where 0 < ε1(n) → 0 as n → +∞. For the second term on the right-hand side of (26), we have
2
d∑
i=2
(Rqpi + Rpqi)(Rsri +Rrsi)−2
d∑
i=2
(Rqpi + Rpqi)2
d∑
i=2
(Rrsi + Rsri)2 (27)
−32RpRqRrRsx2x′2, (28)
where (28) follows from Lemma 11. Therefore,
L2  8RpRqRrRs
(Rp +Rq)(Rr + Rs) − ε2(n), (29)
where 0 < ε2(n) → 0 as n → ∞. (29) can be further modified as follows:
L2  8 RpRq
Rp + Rq
RrRs
Rr +Rs − ε2(n) 8 ×
1
2
× 1
2
− ε2(n) = 2 − ε2(n).
The last inequality follows from the simple inequality xy
x+y 
1
2 if x, y  1, which can be easily obtained
from (2x − 1)(2y − 1) 1.
Hence, L
√
2 − ε(n). 
By Lemmas 15, 16 and the fact that |a| = O(1/n) (shown in the proof of Lemma 6), we have the
following main theorem.
Theorem 1. The maximum number of geometric permutations of a sufficiently large set A of n pairwise
disjoint non-congruent spheres in Rd, d  3, with a bounded radius ratio M is no more than 2
√
2M+1
.
Proof. Consider the two switched pairs, say (P,Q) and (R,S), which have the farthest L distance
in A. All other switched pairs are therefore located between (P,Q) and (R,S). By Lemmas 15 and 16,
the maximum number of switched pairs (including (P,Q) and (R,S)) in the set of spheres is thus
bounded by  2M+(M−1)|a|√
2−ε(n) + 1. When n goes to ∞, both |a| and ε(n) approach 0. Thus, for a sufficiently
large n, the maximum number of switched pairs is √2M + 1. Since each switched pair gives two
different orders for its two spheres, the maximum number of geometric permutations is no more than
2
√
2M+1
. 
Remark. It is interesting to notice that when M = 1, the above theorem gives an upper bound of 4 for
the geometric permutations of pairwise disjoint congruent spheres, matching a recently independently
discovered result by Zhou and Suri [13]. We would also like to mention that although the same proof
works for the case of M = 1, one can actually obtain a slightly simpler proof for the case of congruent
spheres.
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